The underlying mechanism involved in the production of very neutron-rich nuclides using projectile fragmentation is studied with an abrasion-ablation ͑AA͒ model. The AA model suggests that very neutron-rich nuclides are produced by removing nearly all the required protons in the nonequilibrium abrasion stage, with minimal evaporation of neutrons in the ablation stage-''cold fragmentation.'' Furthermore, the production of the most neutron-rich nuclei from a fixed projectile relies heavily on the neutron fluctuations in the ablation stage. The production of the nuclides closest to the neutron drip line using neutron-rich unstable beams is examined.
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PACS number͑s͒: 24.10. Ϫi, 25.60.Ϫt, 25.70.Mn In the nuclear chart of neutron numbers versus proton numbers, all the stable nuclides, about 300 of them, are found in the so-called ''valley of stability.'' The terra incognita of rare nuclides lying away from this valley mainly consist of three regions: ͑A͒ nuclei near the neutron drip line ͓1,2͔, ͑B͒ nuclei near the proton drip line ͓1,2͔, and ͑C͒ superheavy nuclei with atomic number greater than 116 ͓3͔. Production of these nuclei will be of great interest for the current radioactive beam facilities in the world as well as future generation of accelerators, including the rare isotope accelerator ͑RIA͒, the construction of which is being studied in the United States ͓2,4͔.
Even though great strides have been made in the past decade to push toward the proton and neutron drip lines, full knowledge of these nuclides with extreme proton and neutron numbers are limited to light elements up to oxygen ͓5͔. As the proton drip line lies closer to the valley of stability due to the Coulomb force, most of the nuclei in the proximity of the proton drip line will be explored in the coming decade. On the other hand, locating the neutron drip line proves to be much more challenging experimentally, as it lies about three times further away from stable nuclides than the proton drip line. However knowledge about these nuclei is of utmost importance to the full understanding of many processes in nuclear astrophysics and basic nuclear properties. For example, nuclei found in this region provide important pathways for nucleosynthesis ͓6͔, especially those related to the rapid neutron capture ͑r͒ process. Extremely neutron-rich nuclides also provide structure information as to whether nuclear shells vanish in the ''sea'' of neutrons ͓7͔. In addition, they offer opportunities to extrapolate our knowledge from these rare nuclides to properties of the bulk neutron-rich nuclear matter such as the neutron stars ͓8͔.
While theoretical calculations can provide indications of conditions for the drip lines ͓9͔, there is no substitute for direct measurements. By necessity, observations in the neutron-rich regime require the production of short-lived nuclides and beams. In the past, one of the most effective techniques has been to use projectile fragmentation as a mechanism to create such nuclides ͓10͔. This technique continues to offer promise for the future.
The general goal of this article is to better understand the process of producing neutron-rich nuclides using projectile fragmentation. ͑In target spallations, neutron-rich targets have been shown to enhance the production of neutron-rich nuclides ͓11͔.͒ Specifically, we want to explore the most effective means to produce these nuclides. It is hoped that this study will suggest future experimental techniques toward this end.
Recent systematic studies of the effects of the isospin of reacting nuclei has identified a measurable quantity which is useful in such explorations ͓12͔. This quantity, R 21 (N,Z) ϭY 2 (N,Z)/Y 1 (N,Z), gives the relative yields Y i (N,Z) of all the nuclides from two reactions 1 and 2, which differ primarily in the isospin of the reacting systems. In cases covering a wide range of energies, it is found that R 21 (N,Z) follow a very striking behavior as a function of the charge number ͑Z͒ and neutron number ͑N͒ of the nuclides. Namely, for reactions where a high degree of equilibrium is achieved, the dependence is strongly exponential in both variables Z and N. If we follow the convention that the initial system of reaction 2 is more neutron rich than that of reaction 1, R 21 (N,Z) gives a quantitative measure of the enhanced production of neutron-rich nuclides.
In Kr, as a function of N. To provide a clearer representation of the data, all even-Z isotopes are shown as solid points while the odd-Z isotopes are shown as the open points. The corresponding solid and dashed lines in the left panels are drawn to guide the eyes. It is clear that as one goes toward very neutron-rich isotopes there is a substantial rise in the value of R 21 . For isotopes of elements, Zϭ28-31, there is an order of magnitude increase in isotope yield for each extra neutron. In the data for Z Ͻ25, the measured R 21 exhibits a V shape suggesting that production of the lighter proton-rich isotopes, for example, Zϭ23, Nϭ25 particles, from the neutron-rich projectile is also enhanced. This observation is counter-intuitive and may arise from features other than the N/Z of the projectiles.
Because of the importance of estimating the yields of species from fragmentation of primary beams, there has been a concerted effort to phenomenologically fit the systematics of isotope yield with parameters obtained from existing fragmentation data. The program EPAX has been successfully used to develop radioactive beams ͓15͔. ͑In this article, all EPAX calculations were performed with the new improved version of EPAX2.͒ Predicted values of R 21 from EPAX are shown as solid and dashed lines in the right hand panel of Fig. 1 . The slopes of the EPAX lines in Fig. 1 for the different elements are much flatter than the experimental data. There are also strong differences in the trends for the proton rich isotopes of the light charge elements. Figure 2 shows the individual isotope cross sections obtained in the fragmentation of 86 Kr ͑top panels͒ ͓13͔ and 78 Kr ͑bottom panels͒ ͓14͔. All even-Z isotopes are shown as solid points while the odd-Z isotopes are shown as the open points. Furthermore, each element ͑Z͒ is offset from its neighbors by a factor of 100; 10 2(ZϪ22) for Zϭ22-28 ͑left hand panels͒ and 10 2(ZϪ29) for Zϭ29-35 ͑right hand panels͒. A comparison of the experimental isotope yields from projectile fragmentation using 78 Kr beams and 86 Kr beams shows clearly that the production of neutron-rich nuclides is greatly enhanced by the use of neutron-rich projectiles. An enhancement of several orders of magnitude is found for many of these species. As will be explained later, presently it is not possible to obtain a reliable quantitative enhancement factors using the 78 Kr fragmentation data. The dashed curves in Fig. 2 are EPAX calculations. Since 86 Kr data ͑top panels͒ were used to obtain the fitting parameters, it is not surprising that the agreement with data is very good. For 78 Kr, the agreement between EPAX and data is not good, especially for the proton-rich isotopes of ZϽ28 ͑lower left panel͒. The disagreement is the largest for the lightest elements. This difference between data and predictions may be due to the experimental conditions using 78 Kr ͓14͔. The experiment used a massive target Ni with lower beam energies (75A MeV). This combination may invalidate the assumption of limiting fragmentation used in the fit of the EPAX parameters.
In order to understand the physics underlying the enhancement of neutron-rich isotope production, we rely on a microscopic abrasion-ablation ͑AA͒ model. The abrasion stage assumes a nonequilibrium process wherein nucleons are rapidly removed from the projectile during an encounter with a stationary target. The remaining portion of the projectile is then left in an excited state. In the second stage, the excited system decays by a quasiequilibrium process to reach the final products. Many models based on this general picture have been proposed ͓16-18͔.
In our AA version, the first stage is modeled by the geometric shadow cast by the target on the projectile using expressions derived for early fireball models ͓19͔. The material removed in the first stage is treated by assuming that the protons and neutrons are each uniformly distributed over the nucleus thus providing a probability factor for the removal of n neutrons and z protons, based on the assumption of no correlations ͓17,20͔
where ( n N p ) is the combinatorial that gives the number of ways of choosing n out of N p , etc., where N p , Z p , and A p are the neutron number, proton number, and mass number of the full projectile and n, z, and a are the number of neutron, proton, and mass removed. The excitation energy of the system remaining following the first stage (N p Ϫn,Z p Ϫz), is modeled after the work of Schmidt and Gaimard ͓17͔, where the average excitation energy was found to equal 13.3 MeV per removed particle, and we take the width of this distribution to be Gaussian with a variance proportional to the number of removed particles. The proportionality constant is fit to the examples in Ref.
͓17͔. The excited system is then allowed to evaporate according to the formalism outlined by Friedman and Lynch ͓21͔. This formalism follows the mean path of particle loss, arriving at a mean final system. In order to approximate the effect of the fluctuations in the ablation paths we use the following procedure. The width of the kinetic energy distribution for each emission is calculated to determine the variance of the excitation energy about the mean path of evaporation formalism. Using the separation energy for neutrons, we map this excitation energy variance onto the variance in the number of neutrons emitted. Since the shape of the fluctuation function is uncertain, we assume a Gaussian dependence on neutron number centered at the mean, and truncate the distribution at the integer value of the standard deviation plus one. We have ignored the charge fluctuations. This procedure for handling fluctuations suggests that the predictions for the most neutron rich nuclides should be more accurate with our model than the predictions for proton rich ones. The former processes are found to undergo ablation processes which involve only neutron emission, while the latter undergo ablation processes which are also sensitive to the charge fluctuations. Extending the Gaussian form for the neutron fluctuations beyond one standard deviation greatly raises the prediction of the proton rich nuclides and, to a lesser extent, enhances the predictions of the neutron-rich nuclides. Clearly future improvement in the treatment of ablation fluctuation is desirable. This completes the description of our model which is used to calculate the isotope yields shown in the figures.
Results obtained from this model are shown as solid lines in Fig. 2 . The AA model prediction is similar to that from EPAX calculations for both Kr beams. The agreement with data is very good for 86 Kr. For 78 Kr, the disagreement with data remains. ͑The present calculations are also similar to results obtained from the AA model of Schmidt ͓17,18,22͔.͒ If limiting fragmentation is not reached, as explained earlier, the assumption of a clean separation of the mass in the first stage of the process assumed in the model may not be valid.
In the AA model, both the nonequilibrium process and the equilibrium stages, in combination, play important roles in populating the most neutron-rich final isotopes from a given system. Figure 3 If the path from the initial system to smaller final one were to involve equilibrium processes only, the average tendency would be to move toward the valley of stability. Consequently the population of the most neutron-rich nuclides would rely entirely on fluctuations about the average process. This would seem much less efficient than the two-stage scenario described above, in which the proton removal is entirely nonequilibrium, and the burden for obtaining the desired end product is placed on the evaporation of the second stage. Thus, populating the most neutron-rich nuclides requires the excitation of the intermediate system to be as low as possible. This allows for the minimal decrease in the neutron number, and the absence of further proton loss. This particular process to produce neutron-rich nuclei has recently been referred to as ''cold fragmentation'' ͓18͔.
From Fig. 3 , it is clear that the isotope production cross sections for the very neutron-rich nuclides are influenced by several features. The most important ones include: the distribution of the excitation energy following the first stage; the probability for having a specific neutron to proton composition of the mass removed by abrasion; and the number of possible paths, involving combinations of the two stages, which reach the final product. The role of neutron fluctuations becomes particularly important for the production of nuclides which cannot be reached by the averageevaporation path. All the above considerations explain why the very neutron-rich isotopes of each element decrease in production cross sections with the neutron number as shown in Fig. 2 . These factors become less restrictive with more neutron-rich projectiles, resulting in the enhanced production of neutron-rich nuclides as observed in Fig. 1 .
In principle, major gains in the production of nuclides close to the edge of the drip line can be obtained by using very neutron-rich ͑unstable͒ projectiles. To reach these it is necessary to rely on the fluctuations in the neutron yields. We illustrate this with a study of the production of 78 Ni(N ϭ50, Zϭ28). Obviously, the conservation of neutron number makes it impossible to produce this isotope from the projectile fragmentation of Kr isotopes with mass less than 86. The EPAX calculations ͑dot-dashed line in Fig. 4͒ Kr. If the number of evaporated neutrons is allowed to fluctuate with no truncation in the Gaussian distribution, our AA model predicts the production of 78 Ni starting at 88 Kr as shown by the closed circles in Fig. 4 . These AA calculations are about the same as EPAX predictions for most of the heavy projectiles, but deviate substantially when the process requires one or no neutrons to be evaporated after the first stage. However, when the AA calculations are truncated to fluctuations of one standard deviation, as associated with the results of Fig. 2 , the yields ͑open circles͒ are much smaller for the very neutron-rich nuclides. With this procedure projectiles with mass less than 91 do not reach 78 Ni. While all calculations indicate a rise in production with increasing neutron richness of the projectile, there is normally a sharp drop in the anticipated available beam intensity when more neutron-rich unstable beams are used. Thus, one must consider the possible gain in yields with secondary beams against the constraints of the drop in the beam intensity.
If the fragmentation of 100
Mo is used to produce the secondary beams of 87 Kr to 94 Kr, the drop in beam intensity is exponential, with a loss of about a factor of 3 for each neutron added to the beam. In Fig. 4 , the solid curve ͑with arbitrary normalization͒ indicates the folding of this intensity factor with the optimistic EPAX production cross sections ͑dot-dashed line͒. This suggests that net enhancement for the production of 78 Ni, may peak with the use of 89 Kr beams. However, the maximum gain is less than a factor of 10 going from 87 Kr to 89 Kr before the anticipated net yield drops with more neutron-rich Kr beams. In reality, this procedure is not practical. Even if we use a 2 gm/cm 2 thick 9 Be target, typical secondary beam intensity of 89 Kr is about 20 000 particles per second, six orders of magnitude smaller than the usual intensity obtained for primary beams such as 86 Kr. However, there might be incidences when the gains in the production of very neutron-rich nuclides using unstable beams of neutron projectiles will be practical and necessary.
Since limited sets of data are used to provide the phenomenological fitting parameters in the EPAX calculations, it is interesting to examine situations where the predictions of AA model and the EPAX differ. Fragmentation of 96 Zr provides such an example. Figure 5 , which has similar conventions as Fig. 2 , including truncated neutron fluctuations, shows the isotope cross sections from the fragmentation of 96 Zr. There are substantial differences between the EPAX calculations ͑dashed lines͒ and AA model ͑solid lines͒ in the neutron-rich isotope yields. While the limited available data ͓23͔ seem to support the AA model, the ranges of isotopes measured are too small to conclusively favor one of the two calculations. This example points to the need for high quality data with large isotope range. In general, the widths of the isotope distributions from 96 Zr are narrower in the EPAX predictions. Thus intensity calculations for the production of neutron-rich beams using EPAX calculations, as is common practice, might be too conservative. The possibility of enhanced production of neutron-rich beams would be a welcome relief.
In summary, we have examined the enhanced production of neutron-rich nuclides with neutron-rich beams ͓13,14͔. EPAX and AA calculations agree well with the fragmentation data for 86 Kr. However, we note that neither accounts well for the 78 Kr data which are obtained with heavier targets and lower energy. The differences between the AA model predictions and EPAX calculations for the fragmentation of 96 Zr would require more data with large mass range to resolve. If the predictions of the AA model are correct, production of neutron-rich nuclides from the fragmentation of nuclei around this mass range could gain a factor of 10.
Using the abrasion-ablation model, we gain insight into the underlying mechanism involved in the production of the neutron rich nuclides approaching the neutron drip line. The calculations suggest that this mechanism involves the removal of all the required protons in the nonequilibrium abrasion stage, with minimal evaporation of neutrons in the ablation stage. This requires minimum excitation energy left in the intermediate stage. This picture accounts well for the variation in isotope production with the isospin of the projectile. Finally we suggest that the production of the nuclides closest to the neutron drip line may benefit from the use of neutron-rich unstable beams. In that case the enhanced productions will require a balance between beam intensity and the cross section for production of the desired isotope. This may be accomplished by a systematic survey of various combinations of stable and secondary beams.
